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Abstract. Following Geroch, Traschen, Mars and Senovilla, we consider Lorentzian 
manifolds with distributional curvature tensor Such manifolds represent space- 
times of general relativity that possibly contain gravitational waves, shock waves, 
and other singular patterns. We aim here at providing a comprehensive and 
geometric (i.e., coordinate-free) framework. First, we determine the minimal as- 
sumptions required on the metric tensor in order to give a rigorous meaning to the 
spacetime curvature within the framework of distribution theory. This leads us 
to a direct derivation of the jump relations associated with singular parts of con- 
nection and curvature operators. Second, we investigate the induced geometry 
on a hypersurface with general signature, and we determine the minimal assump- 
tions required to define, in the sense of distributions, the curvature tensors and the 
second fundamental form of the hypersurface and to establish the Gauss-Codazzi 
equations. 



1. Introduction 

Our main motivation for a study of Lorentzian manifolds with distributional 
ctiTvature comes from general relativity: a spacetime is a (3 -i- l)-dimensional differ- 
ential manifold M endowed with a Lorentzian metric g with signature (-, +, +, +), 
satisfying Einstein field equations (in normalized imits) 

Gfiv — T^iv, (1-1) 

where Gf,v := R^iv - {R/2)g^,y is Einstein's curvature tensor, Rf,y the Ricci curvature, 
R the scalar curvature, and T^jv the stress-energy tensor describing the matter 
content of the spacetime under consideration. Singular spacetimes having metric 
tensor with limited regularity are of particular importance in general relativity; 
many explicitly known solutions of il.l} exhibit black holes, gravitational waves, 
shock waves, or other singular features. For instance, the metric can be smooth 
everywhere except on a smooth hypersurface IK c M across which the curvature 
tensor suffers a jump discontinuity; such a hypersurface is interpreted physically 
as a gravitational wave propagating in the spacetime. Recall also that, according 
to Penrose and Hawking incompleteness theorems, spacetimes are sought to be 
generically singular I15[|20l . 

Our aim in the present paper is to investigate the local properties of singular 
spacetimes and of their hypersurf aces, within the theory of distributions. Although 
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this issue has already been addressed extensively jH H [3 HQI El [131 HZl Ull, it 
appears that, in the mathematical literature, no comprehensive discussion of the 
minimal assumptions required to give a rigorous meaning to the curvature in 
theory of distributions is currently available. The approach we propose follows 
earlier pioneering work by Geroch and Traschen |7l and by Mars and Senovilla [10| , 
but especially aims at providing a comprehensive and fully geometric exposition. 
That is, we avoid any reference to specific coordinate charts on the manifold, and 
we provide a direct and natural derivation of singular parts of curvature tensors. 

More precisely, a C°°-differentiable ;«-dimensional manifold M being fixed, we 
seek for the minimal regularity required on a metric tensor g defined on M, in 
order to rigorously define (as distributions) the connection operator V and the 
curvature tensor Riem associated with this metric. The same question arises when 
a connection V is prescribed on M and we attempt to define its curvature. To study 
the geometric properties of a differentiable manifold endowed with a non-smooth 
metric or connection, the proper functional framework is that of distributions. We 
introduce below several definitions of distributional metric, connection, and cur- 
vature and, under various assumptions, we discuss the (weak or strong) stability 
properties of sequences of distributional metrics, connections, or curvatures. 

Our presentation allows us to derive jump relations for the singular parts of 
these quantities, once they are viewed as distributions. In Section|3]we investigate 
the situation that a connection is provided on the manifold, and in Section 31 we 
consider the case of a metric tensor. The signature of the metric is irrelevant for 
this first part. 

In a second part, in Sections |5l and |6l we turn our attention to hypersurfaces 
'K within a Lorentzian manifold M, when the prescribed metric (or connection) 
typically suffers a jump discontinuity across 5{. Our discussion applies to hyper- 
surfaces with general signature, which are not globally timelike, spacelike, or null 
but may change type from point to point. Hence, the hypersurface can be locally 
Riemannian, Lorentzian, or degenerate, and it is important to carefully distinguish 
between various geometric objects defined in M which may, or may not, have 
traces on the hypersurface. We discuss the nature and regularity of the geometry 
induced on the hypersurface by the geometry of the ambiant spacetime. 

On one hand, a connection being given in the manifold together with a "rigging 
field" on the hypersurface (see Section|5|, we determine an induced connection 
on J{, denoted below by V. On the other hand, a second concept of induced 

connection on J{, denoted by V , can be defined when the connection V is the Levi- 
Cevita connection of a given metric. We observe that the connection V arises as a 
more natural concept, as was recognized in IITOl . 

The material presented in the present paper should find applications in several 
directions. One one hand, based on the jump relations derived in this paper, one 
should construct a large class of singular vacuum spacetimes containing impulsive 
gravitational waves. The metrics satisfy here the Einstein equations which 
impose further constrains beyond the geometric ones on the nature of the dis- 
continuities. Following the approach in (H |3l [Til , such spacetimes are obtained 
by solving a characteristic-value problem for the Einstein equations with initial 
data prescribed on a hypersurface. Singular matter spacetimes containing gravita- 
tional waves and shock waves have been recently also constructed by solving the 
Einstein-Euler equations for Gowdy symmetric spacetimes (ll[8l. 



LORENTZIAN MANIFOLDS WITH DISTRIBUTIONAL CURVATURE 



3 



On the other hand, in the context of numerical relativity, the formulation of 
suitable boundary conditions O [H [l6l is an important issue, and the analysis in 
the present paper should be relevant to handle boundary with general signature. 
Recall that various excision methods have been devised in the literature to attempt 
to cut out of the numerical domain the black hole regions which, in principle, 
should not influence the regular part of the spacetime. However, many difficulties 
arise with such techniques at both the theoretical and the numerical levels, and 
further research is necessary to ensure the nonlinear stability of such numerical 
methods. 

2. Preliminaries 

2.1. Tensors and integration on a differentiable manifold. Throughout this pa- 
per, M denotes a connected, oriented, differentiable m-manifold. The tangent 
and cotangent spaces at x e M are denoted by T^M. and r*M, and the correspond- 
ing bundles by TM := U^eM '^.v^Vt and r*M U.vsm T*M, respectively; the action 
of a covector (or 1-form) a; on a vector X is denoted by (a;, X). The bundle of all 
(p-contravariant and <^-co variant) (p, (j)-tensors is denoted by T^M U.veM T^q.x^r 
and is canonically endowed with a structure of C°°-differentiable manifold. A 
(l,0)-tensor field is identified with a vector field X on M, that is, Xv e TrM for all 
xeM. 

We denote by A''(M) the bundle of differential forms of order k < m, that is, 
(0, fc)-tensor fields that are anti-symmetric with respect to any pair of variables. 
Clearly, A''(M) c r°(M), with A°(M) = T°(M) (the space of functions on M) and 
Ai(M) = r°(M). 

We introduce the space e°°(M) consisting of all 6°° -differentiable functions / : 
M ^ ]R and, more generally, the space e°°T^(M) of all C'^-sections S : x e M i-^ 
S.v e jM. The following short-hand notation will also be used 

IP(M) := e°°TP(M). 

Similarly, the spaces of compactly supported 6°° -functions, tensor fields, and dif- 
ferential forms will be denoted by D(M), Dr^(M), and 2)A*^(M), respectively 

Non-smooth tensor fields will be also useful. We will consider tensor fields 
in the Lebesgue and Sobolev spaces L[^/^(M) and Wj;'_;r^(M) {k,r > 1) consisting 
of all (p, (j)-tensors whose r-powers are locally integrable on M or belong to the 
corresponding Sobolev space of order k. This regularity can be checked in any 
system of local coordinates, and it is important to realize that, although they are 
unambiguously defined from the sole C°° differentiable structure of the manifold 
M, all these spaces of tensor fields are not endowed with canonical norms. 

We will also consider sequences of tensor fields. A sequence of tensors A'"' e 
W[;'jP(M) is said to converge in the strong (weak, respectively) Wj^^^ topology to 
some limit tensor field e ]N\^T^^{M) if for all X(,) e 3;J(M) and 00) e Z\{M), the 
sequence of functions 

A("'(X(i), . . . , X(p), 0(1) 0W) ^ A('-'(X(i) X(p), 0(1) 0('f ) 

converges in the strong (weak, resp.) W|^^'^(M) topology. This definition is equiva- 
lent to the convergence of the components of A'"' in any chosen coordinate atlas. 
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Observe also that, since the manifold M is oriented, the integral of m-forms is 
well-defined on open sets, and Stokes formula 

f dco= f CO (2.1) 

JM' JdM' 

holds for all open set M' C M with smooth boundary dM' and for any {m - l)-form 
CO. Here, d denotes the operator of exterior differentiation. 

Recalling the interior product ixco defined for all fc-f orms m and vectors X, Z(i) , . . . , Z(t) 

by 

{ixco){Z^l), Z(k)) := co{X, Z(i), . . . , Z(^), 
we can express the Lie derivative Lx of a vector field X as 

Lx = dix + ixd. 

Then, writing 

{Xf)cv^Zx{fcv)-fLxco 
= d{ix{f co)) - f Lxco, 
and using (|2.1l l we obtain the formula 

r (Xf)cv= f fixco- f fLxco (2.2) 
Jm' JdM' Jm' 

for all smooth vector fields X, functions /, and m-form fields co. 

2.2. Distributions on a differentiable manifold. We now introduce the notion of 
tensor distributions on a manifold. It is convenient to define first: 

Definition 2.1. The space o/scalar distributions D'(M) is the dual of the space DA"'(M) 
of all compactly supported densities. The space o/ distribution densities D'A'"(M) is 
the dual of the space D(M) of compactly supported functions. 

The duality bracket between a scalar distribution A e D'(M) and a density 
CO e DA"'(M) is written as < A,a> >ti',ti • In view of (|2.2) l, we have 

1 {Xf)cD = - [ fLxco, /ee°°(M), « e IiA'"(M), 

and it is natural to define action XA of a smooth vector field X e 3;J(M) on a scalar 
distribution A e D'(M) by using the Lie derivative, i.e., 

< XA,co >d',d:= - <A,Lx0J >D',d, m e I'A'"(M). 

Observe that the space of locally integrable functions is canonically embedded 
into the space of scalar distributions, that is, / e Lj^^(M) i-^ / e ©'(M), via 

< f,co>D','D.= i fci>, a>e'DA"'{M). 
Jm 

More generally, we define a {p,q)-tensor distribution as a C°°(M)-multi-linear 
map 

A : 3;J(M) X ... X ZliM) x ^^(M) x . . . x ^^(M) ^ V{M), 



p times q times 
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and denote the space of tensor distributions by 2)'r^(M). The space of locally 
integrable tensor fields Lj^^T^(M) is canorucaiJy embedded into the space D'T^(M), 
that is, A e Lj„ J^(M) ^ Ae D'T^(M) via 

< A(X(i), . . . , X(p), 0<i), . . . , CO >v',v:= [ A(X(i) X(p), e^'\ 0^) co, 

for all CO e DA"'{M), X(i), . . . , X(p) e 3;J(M) and e^^\ 0^ e ^^(M), 

We will also consider limits of sequences of distributions. A sequence of (p, q)- 
tensor distributions A*"' is said to converge in the distribution sense to a limit 
if, in 2)'(M), 

A(")(X(i), . . . , X(p), 0(1) 0W) ^ ^(-'^(Xd) X(p), 0(1), . . . , 0W) 

for all X(,) e 3;J(M) and 0*^) e 3;°(M). In other words. A'"' converges in the 
distribution sense if all of its components (which are scalar distributions) in any 
given coordinate atlas converge in the sense of (scalar) distributions. 

If A e D'r^(M) and / e e'"(M), or else if A e 3;^(M) and / e D'(M), we define 
the product of / and A as a distribution, by setting 

(/ A)(X(i), . . . , X(p), 0(1) 0(^)) = / A(X(i), . . . , X(p), 0(1), . . . , 0(^)). 

for all X(;) e 3;J(M) and 0(^) e 3;J(M). 

Finally, given a smooth tensor field A e 3;^(M), we can define its extension 

A : D'Ti(M) x%l{W) x . . . x 3;i(M) x 3:°(M) x . . . x 3:;(M) ^ D'(M) 

(p-l) times q times 

by setting 

A(y, X(2), . . . , X(p), 0(1), . . . , 0('')) - (Y, A(-, X(2), . . . , X(p), 0(1), . . . , 0(''))) (2.3) 
for aU Y e D'Ti(M), X(,) e 3;J(M), and 0(^') e ^^(M). Here, the term 

A(-,X(2),...,X(p),0(i),...,0(''))e3;;(M) 
is the 1-form field defined by 

X e %1{M) ^ A(X, X(2), . . . , X(p), 0(1), . . . , 0('')) e e°°(M). 
Extensions corresponding to other slots are defined similarly. 

3. Distributional curvature associated with a connection 

3.1. Distributional connections. We begin now our investigation of connections 
and metrics with limited regularity, and we consider first a general notion of 

connection operator (X, Y) h-> VxY defined in the distribution sense. This is a very 
general concept for which VxY is only a distribution vector field. 

Definition 3.1. An operator V : 3;J(M) x 3;J(M) ^ DTj(M) is called a distributional 
cormection if it satisfies the linearity and Leibnitz properties 

V/x+X'y = /VxY + Vx'Y, 

Vx(Y + Y') = VxY + VxY', Vx(/Y) = /VxY + (X/)Y, 
for all f e e°°(M) and X, X', Y, Y' e 3;i(M). 



6 



P.G. LEFLOCH AND C. MARDARE 



Observe that such a distributional connection can be extended to act on tensors of 
general order. Namely, for functions we trivially define the operator (still denoted 
by the same symbol) V : 3;J(M) x e°"{M) e°°(M) c T>'{M) by 

Vxf:=Xf, /ee°°(M), X e ^^(M). 

For 1-form fields we introduce the operator V : 3;J(M) x ^^(M) ^ 'DT°(M) by 

< Vx0,Z >:= X«0,Z)) - <0, VxZ), 

Z e 3;J(M), X e 3;J(M), d e ^^(M). 

Thanks to l|2.3t , the term {6, VxZ) above is well-defined as a scalar distribution. 

Finally, we introduce operator V : 2;J(M) x 3;^(M) 'D'TP(M), defined for 
X e Xl(M) and T e %^^{M) by 

(VxT)(Z(i),...,Z(p),0(« 
:= X(T(Z(i),...,Z(p),0(i',...,0W)) 

- r(Z(i), . . . , Z(,_i), VxZ(,), Z(,+i), . . . , Z(p), 0(1), . . . , 0W) 
1=1 

- 2^ T(Z(i), . . . , Z(p), e'l', . . . , 00-1), Vxe^'\ e^'^^\ e^) 

for all Z(,) e lJ(M) and 00) e 3;0(M). Again, we observe that, thanks to the 
last two terms above are well-defined as distributions in ©'(M). 

In consequence, a distributional connection enjoys all of the linearity and Leib- 
nitz properties of smooth connections. 

However, the interest of Definition 13.11 is probably limited by the fact that no 
curvature tensor can be associated with a general distributional connection. This 
is due to the impossibility to multiply two general distributions, operation that is 
essential in defining the curvature. Indeed, a distributional connection V does not 
allow one to compute second-order covariant derivatives: the vector field VxZ is 
only a distribution, even if X, Z are smooth vector fields; hence, the term Vx(VyZ) 
does not make sense. In coordinates, we schematically have 

Riem = ^F + F ★ F, 

where F stands for Christoffel symbols of the connection V. The quadratic products 
in the term F * F can not be defined in the distribution sense. 

3.2. The class of L^^^ connections. To identify the connections that do admit a 
curvature tensor we now restrict attention to less singular connections. Consider an 
arbitrary distributional connection V satisfying VxY £ ErJ(M) for all X, Y e Xj(M), 
where ETj(M) is some subspace of D'T^{'M) (to be specified shortly). To give 
a meaning to its curvature tensor we must compute second-order derivatives of 
vector fields, that is, terms like VxVyZ. Since VyZ belongs to ET^QA), we first 
extend the operator V to the larger space 3;J(M) x ET'^QA). Such an extension, say 
V : 3;J(M) X Eri(M) ^ D'rJ(M), should naturally be defined by the formula 

<Vx V, 6) = X{V, 6) - {V, Vx0) in Ii'(M), (3.1) 
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for e e Z\(M), V e ETj(M), and X e 3;J(M). Under our assumptions, we solely 
have Vx0 e ET^iM) and V e ETj(M) and, therefore, we see that the term {V, Vxd) 
can be defined as a distribution only if E is (a subspace of) L^^^. 
This discussion leads us to: 

Definition 3.2. A distributional connection V is called an L^^^ connection if VxY e 

L^^^Tg(M) /or flZZ X, Y e 3;J(M). The extension of such a connection is the operator 
V-.ZliM) X LlTliM) HTj(M) rfe/ned by 

(VxY, 0) = X«y, 6)) - iX Vx0> m D'(M), 
/or X e 3;J(M), Y e L2^rJ(M), and e 'DrO(M). 

When the conditions in the definition hold, we write in short V e L^^^(M); 
according to Definition 13.21 one can then compute the co variant derivative of an 
vector field and, in turn, compute the curvature of V. 

Definition 3.3. The distributional Riemann curvature tensor of an L'j^^ connection 
V is the tensor distribution Riem : 3:J(M) x ZliM) x 3;J(M) 'D'Tj(M) defined for 
e e Z°{M) and X, Y, Z e 3;J(M) by 

{Riem{X, Y)Z, 0) = X<VyZ, 0) - Y(VxZ, 0) 

- (VyZ, Vx0) + (VxZ, Vy0) - (V[x,y]Z, 0) 

as an equality in T>'{M.). 

Provided each term is understood in the distribution sense as explained above, 
we can also write the standard formula 

Riem(X, Y)Z := VxVyZ - VyVxZ - V[x,y]Z. 

We then introduce: 

Definition 3.4. The distributional Ricci curvature tensor associated with an L} con- 

loc 

nection V is the tensor distribution Ric : 3;J(M) x 2;J(M) 1)'(M) defined for all for all 
X, Y e 3;J(M) by 

Ric{X, Y) := Rieni{X, Y> in ©'(M), 

where E(„) (a = \,...,m) is an arbitrary local frame in the bundle TM and E^"^ (a = 
l,...,m) is the corresponding dual frame. 

The distributional curvature tensors defined above enjoy some important sta- 
bility properties. 

Theorem 3.5 (Stability under strong L^^^ convergence). Let V^"^ (n = 1, 2, . . .) be a 

sequence ofL^^^ connections defined on M, and converging in the L^^^ topology to some Lj^^ 
connection V'°°', 

vWy^v(,°°'y strongly in l^^^ 
for X, Y e 3;J(M). Then, the distributional Riemann and Ricci curvature tensors Riem''"^ 
and Ric''"^ of the connections V^"^ converge in the distribution sense to the distributional 
curvature tensors Riem^""^ and Ric^'^^ of the limiting connection V'°°', 

Proof. The desired convergence result follows from the above definitions of distri- 
butional curvature and on the key identity l l3.Hl . □ 
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3.3. Jump relations. Consider now the case that the connection V suffers a jump 
discontinuity along a smooth hypersurface J{ c M and is smooth on both sides of 
it. Suppose that the hypersurface splits the manifold into two components, say 

M = M" U M-", M'OM^ = :K, 

where M"^ are connected, 6°° differentiable manifolds with boundary. Denote by 
Tx^-C and T*3-C the tangent and cotangent spaces of Ji. Assume that M is endowed 

with a connection V of class L^^^(M") fi Wj^^^(M''') for some p > 1 in each component 
M""" up the boundary 'K, but suffers a jump discontinuity across This means 
that the restriction (VxY)" of the vector field VxY to M=^ is of class Lf^^ n W^^^ in 
M""" up to the boundary J{. In consequence, the manifolds with boundary M""" are 
naturally endowed with the connections V''^ of class L^^^ n Wj^^'^' defined by 

Here, X, Y e Xg(M) are arbitrary (smooth) vector fields whose restrictions to M""" 
coincide with X^"", Y^"". One can check that this identity defines V^"" unambiguously 
and uniquely. 

Since the operators are of class L? n W, , their Riemann and Ricci curvatures 

r loc loc' 

Riem'"' and Ric" are well-defined in M" up to the boimdary 3{, and belong to 
Lj^_,(M='), and even to i^f„^(M=') if p > m/2. If X, Y,Z e 3;J(M) are smooth vector 
fields defined over the entire manifold M, we use the short-hand notation 



V|Y 

Riem='(X,Y)Z 
Ric='(X,Y) 



= Riem='(X=',Y=')Z=', 
= Ric='(X=',Y='). 



Our aim is to rely on Definitions 13.31 and 13.41 and compute the distributional 
curvature of the connection V, which is defined over the entire manifold M. Ob- 
serve that even if one considers smooth fields X, Y, the covariant derivative VxY 
is nof smooth. As observed earlier, in order to compute second-order covariant 
derivatives of smooth vector fields we must compute the covariant derivative of 
fields having the regularity of VxY only. The latter suffers a jump discontinuity 
across the hypersurface J{, and we can anticipate that its covariant derivative will 
contain Dirac mass singularities along J{. 

Before we can state the corresponding formulas we introduce the following 
definition. 

Definition 3.6. The Dime measure supported by a smooth hypersurface M c M z's the 
1-form distribution 6j{ e 'D'T!j'(M) defined by 

Xe3:i(M)K^(6jc,X)e2)'(M), 

<{bK,X),co>T,-,T>= I ixw, a;eX)A'"(M). 

Remark 3.7. Observe that the distribution {6-k, X) depends on X only via its restriction 
to the hypersurface 'K; therefore, the Dirac measure can be applied on vector fields X that 
are only defined on 'K. Moreover, if X is a vector field tangent to the hypersurface 
(X e 2: J (IK)), then the action of the Dirac measure on X is trivial: (6^, X) = 0. 
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It will be convenient to consider a (locally defined, at least) frame of vector fields 
E(a),x, a = 1, . . . ,m, adapted to the hypersurface in the sense that £(„) t, a = 1, . . . ,m 
is a basis of TxM for all x 6 M, while E(/),x, i = 1, . . . , m - 1 is a basis of TvIK for all 
X e 3-C. Denote also by E^"\ a = 1, . . .,m the corresponding dual frame of 1-form 
fields, i.e., 

Greek and latin indices will always describe the range 1,. ..,m and 1, . . ., m - 1, 
respectively. 

One more notation will be useful. We write [A]^ for the jump of a tensor field A 
across Oi, that is, with obvious notation, [A] j£ := A""" - A~, while the "regular part" 
of a distribution tensor field A is expressed as 



inM^ 
inM" 



Theorem 3.8 (Jump relations associated with a singular connection). Let "K he a 

smooth hypersurface within a smooth manifold M = M" UM"^ separated into two manifolds 
with boundary. Let y he a connection on M satisfying V e L^^^(M) and e Wj|^'^(M=^) 
for some p > 1. 

(1) The distributional covariant derivative W of a vector field V that is smooth in 
JiV" hut discontinuous across 'K, is given hy 

Vx V ■- {yxVy'« + [V]^ <6jt, X), X e 

(2) The distributional Riemann curvature of the connection V is the sum of a regular 
part and a Dirac measure supported on Jf ; for all X, Y, Z e 3;J(M) 

Riem{X,Y)Z = (Kiem(X, 7)2)''''^? + [VyZ]„(6M,X) 

-[VxZ]jc(6jr,Y). 

(3) The distributional Ricci curvature of the connection V is the sum of a regular part 
and a Dirac measure supported on "K: for all X, Y e 3:J(M) 

Ric(X,Y) = (Ric(X, Y))"'^? + Ve,„Y)]jc<6jc,X) 

-K£('"),VxY)]jc(6j^, £(,„)), 

where {£(„)) is a frame adapted to the hypersurface 'K. 
The regular parts {Riem{X, Y)Z)"g and {Ric{X, Y)Zy''g belong to Lj^^{M), while the jumps 

he 



[VyZ]m and [VxZ]^ belong to the space ^''"'^'CK). 



Corollary 3.9 (Singular parts of curvature tensors). Under the assumptions and no- 
tation of Theorem \3.8\ the following hold. 

(1) The singular part in the Riemann curvature vanishes if and only if the connection 
V is continuous across "K (i.e., its traces from coincide). 

(2) The singular part of the Ricci tensor vanishes if and only if, in an adapted frame, 
{£('"), VxY) and {E^^\ ^^ji^) continuous across "Kfor all vector fields X, Y e 
2;J(M) satisfying X„ e Ty^'Kfor all x e 3{. 
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Proof of Theorem \3M First of all, the co variant derivative VxV is, by definition, the 
vector distribution given by 

(Vx V, 0) = X{V, 6) - {V, Vx0), e e ^^(M). (3.2) 

The first term in the right-hand side is the scalar distribution defined by 

< X(y,0),<p >B,,B= - < {V,e),Lx<p >v',-D, (p e 2)A"'(M). 

Since the restrictions of {V, 6) to M- are smooth, the last relation becomes 



x(v,0),<p>i5M, = - r {v,e)Lx(p 

Jm 

= - f {V\d)Lx(p- f {V-,d)L 

Jm+ Jm- 



from which, in view of the formula l|2.2|l with 3-C oriented as the boundary of M , 
we deduce 

+ r x{v-,e)cp- f {v-,d)ix(p. 

Jm- J-k 
Using this expression in (|3.2b , we deduce 



= r (x(v^0)-<y^vJ0))<p 



+ r (x<y-,0)-<y-,v-0))(p+ r {{V]^,e)ix(p 

Jm- J'k 

= r {y\v\d)(p+ r <v-y-,0)<p+ r ([yiM,^)^. 

Jm* Jm- J'k 

In other words, the covariant derivative of V is the vector distribution 

VxV :=(VxVr^ + [Vk(6j<,X), 

which provides the desired identity for the connection. 

Second, by Definition l3.3i the distributional Riemann curvature is 

Riem(X, Y)Z = VxVyZ - VyVxZ - V[x,y]Z 

for all X,y,Z e 3;J(M). Since the vector fields VyZ and VxZ both satisfy the 
regularity assumptions on V of Proposition |3.8[ we deduce 

Riem(X, Y)Z 

= (VxVyZ)'-''^? + [VyZ]M {5:k,X)) - (VyVxZ)''''^ + [VxZM^K, Y)) - V[x,r]Z 
= (Riem(X, Y)Z)"'^? + [VyZ]M<6jt,X) - [VxZ]j^<6jt, Y), 
where we set 

|Riem-'(X,Y)Z in M+, 
|Riem-(X, Y)Z in M". 

This establishes the identity in the theorem. 



(Riem(X, Y)Z) 



reg ._ 
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Third, from the definition of the Ricci tensor, we obtain 

Ric(X,y) = {E^"\Riem{X,E^,^)Y), 

and from the above decomposition of the Riemann curvature tensor, we deduce 
that 

Ric(X, Y) = (Ric(X, Y))'-^^.' + [(E(«^ VE„„Y)]jt<6jt,X) 

-[(£('", Vxy>]M(6M,E(«)). 
Now, observe that (6j<;,£(y)) - since the vector fields E(y) are tangent to Ji. This 
estabUshes the desired formula for the Ricci tensor. □ 

Proof of Corollary [X9l We see immediately that the singular part of the Ricci tensor 
vanishes if and only if 

Ric(X, Y) = 0, Ric(£(„,), Y) ^ 

for all X, Y e 3;J(M) such that X,: e at any point x e %. But for such vector 
fields, the singular part of Ric(X, Y) is 

-[<£('"), VxY)]m(6m, £(„,)), 
while the singular part of Ric(E(„,), Y) is 

[<£(«), VE,„Y)]jt<6j^, £(„,)) - [(E("'^Ve,„„Y)]j^<6m, £(„,))• 
The latter is nothing but [(£«, Ve,„ Y)]m(6m, £(„,))• □ 

4. Distributional curvature associated with a metric 

4.1. Distributional metrics. To a smooth metric tensor g defined on M, one asso- 
ciates a unique (Levi-Cevita) connection operator V satisfying Vg = and the zero 
torsion condition T = 0, where 

T(X,Y)- VxY-VyX-[X,Y], X,Ye3;J(M). (4.1) 

A natural question is whether the notion of Levi-Cevita connection extends to 
metrics with weak regularity. We show now that a distributional connection (in 
the sense introduced in the previous section) can be associated with a distributional 
metric (in a sense defined now). 

Definition 4.1. A distributional metric g on M is a symmetric and non-degenerate 
{0,2)-tensor distribution on M, that is, g : 3;J(M) x 3;J(M) D'(M) satisfying 

g{X,Y) = giXX), 

g(X, Y) = for allY ^ X = 0. 

Further regularity on g will be imposed later on, when necessary. It would 
be natural to define a distributional connection V associated with a distributional 
metric g by requiring the two conditions 

T = 0, Vg^O, (4.2) 

in a suitably weak sense. The second equation must be handled carefully, since 
(cf. the discussion in the previous section) non-smooth connections do not act on 
non-smooth tensors such as the metric g. Therefore, we will not rely directly on 
the equation Vg - 0, and to circumvent this difficulty we take advantage of the 
additional structure induced by the metric g. 

We make the following two observations valid for smooth metrics: 
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(1) The Levi-Cevita connection of a metric g satisfies the Koszul formula 

2 giVxX Z) =X{g(Y, Z)) + Y{g{X, Z)) - Z{g{X, Y)) 

- g{X, [X Z]) - giX [X, Z]) + g{Z, [X, Y]) ^ 

for all X, y, Z e 3;J(M). This is easily checked from the conditions l|4.2|l . 

(2) The left-hand side of l l4.3l l takes the equivalent form 

g{VxXZ)^{iVxY)\Y), 

where X e 3;J(M) ^ X^" e ^^(M) is the "duality operator" defined by 

{X\Y} := giX,Y), YeZliM). 

Thanks to the above observation we see that the connection of a metric can be 
determined by the formula 

2 ((Vxy)^ z> =x(^(y, z)) + y(g(x, z)) - z(g(x, y)) 

- g{x, [X z]) - ^(y, [X, z]) + g{z, [X, Y]). 

Furthermore, the conditions l|4.2|l characterizing the Levi-Cevita connection read 
for allX,y,Z e lJ(M) 

(Vxy)'' - (VyX)^ - [X, y]'' = o, 

(4 5) 

x{g(x z)) - <(Vxy)^ z) - ix (VxZ)^) = 0. 

We now observe that all these relations feature the term (VxY)'' and that the 
right-hand side of l|4.4b is well-defined in ©'(M), not only for smooth metrics but 
also for distributional metrics. This suggests how to associate a connection to a 
distributional metric. Specifically, we extend the definition of the operator 

(X, y) e ZliM) X ZliM) ^ (Vxy)^ e ^^(M) 

to non smooth metrics in such a way that the equations (14.51 1 are satisfied in the 
distribution sense. 

Definition 4.2. The distributional Levi-Cevita connection of a distributional metric g 
is the operator V^* : (X, y) e 3:J(M) x 3;J(M) ^ V^y e D'T°^{M), defined by 

(V^y,Z) := Ux(g(XZ)) + Y{g{X,Z)) - Z{giX,Y)) 

2^ (4.6) 

- ^(x, [y, z]) - ^(y, [X, z]) + g{z, [x, y])). 

In the following, we will refer to (|4.61 as the dual Koszul formula. It is a simple 
matter to check that V'' does satisfy the relations l|4.2b in a weak sense, namely 

v^y - vtx - [X, y]^ = o, 

I h (4-7) 

x{g(x z)) - (v^y, z) - (x v^z) = 0, 

for all X, y, Z e 3;J(M). Furthermore, when g is smooth, then V^y = (Vxy)'' for all 
X, y e 3;J(M) and we recover the standard requirements that T = and = 0. 

Theorem 4.3 (Stability under convergence in the distribution sense). Let g'"' (n = 1, 
2, . . .) be a sequence of distributional metrics converging in the distribution sense to 

some limiting metric g^°°\ Then the distributional connection V'' " associated with g^"' 
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converges in the distribution sense to the connection V'' °° associated with i.e., for all 
X,y,Ze3;J(M) 

(V^x X Z) (V^x Z) in V'{M). 

Proof. It suffices to use the definition of the convergence in the distribution sense 
of g^"^ (see Section l2l2] | together with the definition of the Levi-Cevita connection, 
as given by the dual Koszul formula. □ 

This result should be compared with Theorem 13.51 where local strong con- 
vergence of a sequence of connections was assumed to deduce the convergence 
(in the distribution sense) of their curvatures. Here, the convergence of in the 
distribution sense suffices to imply the convergence of their connections. This is 
due to the fact that, roughly speaking, the connection V'' depends "linearly" upon 
the metric, while the curvature depends "quadratically" upon the connection. 

Hence, a distributional metric induces a distributional connection, which gener- 
alizes the Levi-Civita connection associated with a smooth metric. Without further 
regularity assumption on the metric, the Levi-Cevita connection is a distribution 
only and, as explained in Section |3A] one can not define its curvature. This moti- 
vates us to now introduce a class of more regular metrics. 

4.2. The class of metric tensors. We now specialize the results in Sections 13.21 
and l3.3l to the case that the connection is determined by a metric. The objective is 
to identify regularity assumptions on the metric guaranteeing that the results of 
Sections 13.21 and 13.31 apply to the induced connection and allow us to define the 
Riemann, Ricci, and scalar curvature. We recover, using here a coordinate-free 
presentation, results obtained earlier by Geroch and Traschen [7J. 

We first consider metrics g for which the induced connection is of class L^^^, 
which in view of the results in Section 13.21 guarantees that the Riemann curva- 
ture tensor is well-defined in the distribution sense. To this end, recall that the 
connection induced by g is the operator 

(x,y)^ VxY, 

imiquely defined by the Koszul formula 

2g(VxY, Z) =X{g{X Z)) + Y{g{X, Z)) - Z(^(X, Y)) 

- ^(X, [Y, Z]) - g{Y, [X, Z]) + giZ, [X, Y]), 

which is valid for all X, Y, Z e 3;J(M). 

Specifically, if £(„), a = 1, 2, . . . , m, is a smooth local frame on M, then 

VxY = ^"'VVxY, 

where {g"^) is the inverse of the matrix {g{E(a), E(t))x) for all x e M. In order to have 
VxY e L^^^, it suffices for the metric g to satisfy the assumptions 

giVxY,Z)eLl^, X,Y,Ze3:J(M), 

g^PelZ,, a,|3 = l m. 

The second assumption is satisfied for instance if the metric ^ is in and is also 
uniformly non-degenerate, in the sense that 

\de\.{g{E(a),E^)))\>C inM 
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for some positive constant C, as is checked from the definition of the inverse of a 
matrix. 

Since V is of class L^^^, we can now apply the results of Section l3l2l 

Proposition 4.4. Let g be a uniformly non-degenerate metric of class Hj^^ n L^^ over a 
smooth manifold M. Then the following properties holds: 

(1) The connection V defined by the Koszul formula is of class L'j^^ and satisfies 

T = 0, Vg = 0. 

(2) The Riemann and Ricci tensors associated with g are well-defined as distributions, 
in virtue of Definitions \3.3\ and \3.4\ 

(3) The scalar curvature of g is well-defined as a distribution on M by 

R~g"pRic{E^„),E^p)). 

Proof. We only need to prove (3). Since H^^^ n Lj^^ is an algebra and g is uniformly 
non-degenerate, it follows that g"l^ e H^^^ n L^^{M). On the other hand, 

Ric(E(a),E(,3)) = <E^''^Riem(E(a),E(o))E(^)) 

= E(„)«E(''), Ve,„E(^))) - E(„)«E("), Ve,„,E(,,))) 
- (Ve^.E*"), Ve,„,E(^)) + <Ve„E("), Ve,„E(^)) - {E^"\Vie,„,eM. 

Since the last three terms belong to Lj^^(M), we only need to define the product of 
g"l^ and the distributions 

E(„)«E("), Ve,„,E(;,))), E(„)«E("), Ve,„E(^))). 

This is done by letting 

g"%a){{E^'^KVE,Ap))) E(„)(^«^^(E("), Ve,,E(^,))) - (E(„)/0(E("), Ve,,E(,,)), 

g«''E(„)((E("), Ve,„,E(^))) E(„)(g"/'<E(''), Ve,.,E(^,))) - (E(„)^'^0<E(''), Ve,,E(^,)), 
which are clearly distributions. □ 

Remark 4.5. Alternatively, the distributional Riemann curvature of a metric g of class 
Hi nl"^^ can also be defined as the distribution Riem : 3;J(M)x2;J(M)x2j(M)x2;J(M) ^ 
■D'Tm) given by 

RiemiW, Z, X, Y) :=X(g( W, VyZ)) - Y{g{W, VxZ)) 

- gi^xH VyZ) + ^(Vy W, VxZ) - g{W, V[x,Y]Z) 

for all X, Y,Z,W e 3:J(M). The vector field Riem{X, Y)Z defined in Definition^^^and, 
for every W, the function Riem{W, Z, X, Y) are then related as follows: 

RiemiW, Z, X, Y) = g{]N, Riem{X, Y)Z), X, Y, Z, W e 2j(M). 

We can also prove: 

Theorem 4.6 (Stability under strong H^^^ convergence). Let g'"' (n = 1,2,...) be 

a sequence of Hj^^ metric tensors converging locally in the strong Hj^^ topology to some 
limiting metric g'^°°\ Assume that the inverse metrics g'^]^ converge locally in the strong 
^!,c^°Vologytog-ly 
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(1) The Levi-Cevita connections V'"' associated with g'^"^ are of class Lf^^ and converge 
in the strong L^^^ topology to the connection V'°°' of the limit metric that is, 
for all X, y e 

y ^ V^^ y strongly in ^ . 

(2) The distributional Riemann, Ricci, and scalar curvature tensors Riem''"\ Ric^"\ 
R^"' of the connections V*") converge in the distribution sense to the limiting 
curvature tensors Riem^°°\ Ric^'^\ o/ V("°). 

Proof. The first part of the theorem follows from the definition of the Levi-Cevita 
connection, as given by the Koszul formula. The second part is a direct consequence 
of Theorem l3.5l □ 

4.3. Jump relations. We now consider the special case that g is continuous but its 
derivatives have jump discontinuities across a hypersurface !K. Specifically, with 
the notation in Section |33l we assume that g is continuous on M and has Sobolev 
regularity in each component M" up to the boundary Jf . This implies that the 
distributional Levi-Civita connection V is well-defined up to the boundary !K, and 
V satisfies the assumptions of Section l33l Hence, relying on Theorem l3.8l we arrive 
at: 

Theorem 4.7 (Jump relations associated with a singular metric). Let Ji c M, be a 

smooth hypersurface separating two sub-manifolds with boundary "K in a smooth manifold 
M = M" U M^. Let g be a distributional metric that is continuous over M such that 
g|3v[± e Wi^^iM"^) for some p > m/2. Then, the following properties hold: 

(1) The singular part of the Riemann curvature vanishes if and only if g is of class 

(2) The singular part in the Ricci tensor vanishes if and only if {E^'^\ Vx^) (ind 
(EW, VEj^^y) both are continuous across (i.e., their traces from JiV" coincide) for 
all vector fields X, y e 3:J(M) that satisfy e T^.'K, x e . 

(3) The scalar curvature of g is is the sum of a regular part and a Dirac measure 
supported on "K, i.e., 

R := R"S + [(/'/'eW - ^^■^E("",Ve„E(^))]m(6m, £(„,)). 
Moreover, the regular parts 

(RiemiX, Y)Zy'^, {Ric{X, Y)Zy'S, R'-'S 
belong to Lj'^^(M), zvhile the jump parts 

[(^™/^£(/)_^//5e(-),Ve„E(,,))]jc 

belong to ]N]~^'^-\'K). 

Proof. First of all, we have seen in Theorem l3 . SI that the singular part of the Riemann 
curvature vanishes if and only if V is continuous across J{. On the other hand, 
the dual Koszul formula shows that V is continuous if and only if the first order 
derivatives of g are continuous across "K. (To see this, it suffices to make particular 
choices of the fields X,Y,Z.) 

The second result is a direct consequence of Theorem l3.8l 
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Third, by using the expression of the Ricci tensor given by Theorem l3.8l together 
with the definition of the scalar curvature, we obtain 

R = R'-s + ^-^'[(E(«), VE,„,E(,^))]jt<6jt,E(,)) 

-g^^[(E('«),VE,,,£(,i))]„(6.^, £(„,)). 

But, <6m/ £(;)) = for all 7 = 1, 2, . . . , m - 1, so 

R = R^^'g + Kg^'PE^") - g'^'^E('«),VE,„,E(^))]j^(6j^, £(,„)). 

The desired formula for the scalar curvature follows. The regularity of the curva- 
ture tensors follows from Theorem l3.8[ since the connection V associated with such 
a metric is of class Wj^^J(M=') if g e H^^^ n □ 

4.4. Vacuum spacetimes. hi the vacuum, the Einstein equations reduce to the 
Ricci-flat condition 

Ric = 

This condition restricts the type of jumps that are allowed across a hypersurface. 
Consider, for instance, a smooth hypersurface IK c M separating two submanif olds 
with boundary Jim a smooth manifold M - M~ U M""" . If the metric g is continuous 
over M, smooth in M""", but has discontinuous derivatives across the hypersurface 
IK, then the Ricci-flat condition implies that, for the Levi-Civita connection induced 
by ^ and for all Y e 3;J(M), 

VE,,,y) and {E^'l VE,„y> are continuous across J{. 

In the particular case that the hypersurface IK is nowhere null, this condition 
implies that the metric g must be at least of class C^. On the other hand, if IK is 
a null hypersurface, then the derivatives of the metric g need not be continuous 
across IK. 

5. Geometry induced on a hypersurface by a connection 

5.1. Preliminaries. We now turn our discussion to the geometry of smooth and 
oriented hypersurfaces within a connected, oriented, C°°-differentiable m-manifold 
M. The arguments presented below also apply to the case that IK is the boundary 
of a manifold with boundary. We begin our discussion by fixing a differentiable 
manifold endowed with a connection V with limited regularity and, in Section [6] 
below, we specialize the results to the case that the connection is determined by a 
Lorentzian metric g. 

Several difficulties arise with Lorentzian metrics, which contrasts with what 
happens with Riemannian metrics. First, a Lorentzian metric on a manifold does 
not always induce a non-degenerate metric on a hypersurface via the usual pull- 
back. Second, a connection on a manifold does not induce directly any useful 
geometry on a hypersurface, since, in general, VxY ^ TIK even if X, Y e TIK. 
Moreover, no canonical projection of TtM on TrlK is available in general. 

Recall that prescribing a connection is equivalent to prescribing a parallel trans- 
port of tangent vectors. Therefore, the choice of a parallel transport on a manifold 
clearly does not induce a rule for parallel transporting vectors tangent to a sub- 
manifold. Our objective will be to circumvent these difficulties by using a suitable 
concept of projection from TxM. into Tx^. 
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Throughout our investigation, it will be important to distinguish between sev- 
eral operations of "restriction." On one hand, given a (scalar, vector field, general 
tensor) field defined at every point of M we can obviously restrict it to points on 
the hypersurface Ji. On the other hand, given a tensor field defined on the whole 
tangent and cotangent spaces TyM, T*M, x e 3i, we can restrict it to the spaces 
TjIK, T*'K. Both restrictions arise in our discussion. 

All formulas will be expressed in a coordinate-free form and, when necessary, 
all calculations will be performed in a moving frame of the tangent space and in 
its dual frame of the cotangent space. The components in these moving frames of 
a vector field X and a 1-form field co will be denoted by X" and coa, respectively. 
Indices are raised and lowered by using the metric tensor gap and its inverse, 
denoted by g"l^. In particular, the functions Xfs = gfiaX" defined in this fashion 
are the components of a 1-form, denoted X'', and the functions cof' = gf'"ci>a are the 
components of a vector field, denoted coK 

5.2. Rigging field and projection operators. We consider the tangent and cotan- 
gent spaces TvM, r*M at x e M and the tangent and cotangent spaces Tj'K and 
T* J{ at X e J{. Recall first that, for every x e J{, the tangent space of Jf at x can be 
viewed as a subspace of the tangent space of M, 

T,J{ c TM, (5.1) 

since TtJC consists of (equivalence classes of) paths restricted to lie in J{ c M. By 
contrast, no similar canonical inclusion is available for the cotangent space. Indeed, 
a form a e T*J{ is defined solely on TxOi and cannot be canonically extended to 
the whole of T^M. 

In view of jS.li , the most fundamental object one can associate to J{ is a nor- 
mal form n e ^^(M), which is a 1-covariant tensor field x i— » Hx defined on the 
whole of M and whose restriction on % is uniquely characterized (up to a scalar 
multiplicative factor) by the conditions (x e J{) 

, [=0, XeTx'K, 

{nx,X) i (5.2) 

To determine a canonical decomposition of the cotangent space, the normal 
form must be supplemented by a rule to identify T*3i to a subset of r*M. This 
motivates the following definition which was discussed in |2H4l [191 and, more 
recently, in Mars and Senovilla |T0| . 

Definition 5.1. A rigging vector field along J{ is a vector field x e JC i-^ e T.yM 
satisfying 

£xiTx:K, {nxJx) = l- 

The prescription of a rigging f allow us to decompose the tangent space to M at 
a point of the hypersurface, as follows 

TxM = Vect(4) e TxK X e J{, (5.3) 

where Vect(^Y) is the vector space generated by fx- Hence, given any point x e !K, 
to any vector Xy e TxM one can associate its rigging projection (or projection in the 
direction of the rigging), Xx e Ty^K, so that 

X = {n,X){ + X. 
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Analogously, we can decompose the cotangent space to M at a point of the 
hypersuxface, as follows 

T*M = Vect(n^) ® T*5{, xeJ{, (5.4) 

where we are now able to identify the fibers of the cotangent bundle T*% with 
fibers of the (restriction to CK of the) cotangent bundle T*M, 

T*?f = je e T*M I (6, 4) = O}, xe 'K. (5.5) 

Hence, given any point x e D-C and any 1-form 0, we determine the normal projec- 
tion (or projection in the direction of the normal form), j0 e r*lK, so that 

d = {e,e}n + d. 

It must be observed that both the projection operators above involve the normal 
form and do depend on the choice of the rigging vector. However, the projected 
form 9 is independent of this choice, since 

<0,X) = <0,X), XeTJf. 



5.3. Projections expressed in a local frame. We now introduce bases of the tangent 
and cotangent spaces that are adapted to the projection operators. At each x e IK, 
we supplement the vector fx with a basis E^a),x (« = 1, 2, . . . , m - 1) of the tangent 
space Tx^. The form Ux is then naturally supplemented with the corresponding 
dual basis E*"^ {a = 1, 2, . . . , m - 1), so that the frames are characterized by the 
orthogonality conditions 



("na = 1, TE^"' = 0, 

fa _Q pa p(t>) _ c(7 



where 6^ is the standard Kronecker symbol. 

To compute the projections, we introduce the tensor 

so that the components of the projection of a vector X and a form 6 read 

X«:=P/X^ da=Pjep. (5.7) 

Clearly, the projections of the vector { and the form n vanish identically. The 
projected vectors and forms lie in T^IK and T*IK, respectively and, therefore, can 
be alternatively expressed in the corresponding bases £(«) and E^"), respectively. So, 
we will also write X = X" E(„) and 6 = B^E^''^ where the components of the projected 
vectors and forms are determined by 

X" := X"e'-:\ Oa := OaE^y (5.8) 



Recall that Greek and Latin indices describe l,...,m and 1, . . .,m - 1, respectively. 
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5.4. Connections on 'K induced by projecting V. The projection operators defined 
in Section l5l2l lead us naturally to introduce a connection on the hypersurf ace which 
depends on the choice of the rigging vector {. Denoted by V, this connection is 
defined by simply projecting the original connection V, i.e., 

VxY:=V^, XYeZliK). (5.9) 

We will refer to it as the projected connection. The tilde symbol is placed below, 
and this notation will be justified in Subsection 16. 5[ that is, when V is the Levi- 
Cevita connection associated with a metric g and { is the normal vector field to a 
non-null hypersurf ace !K, then V is the Levi-Cevita connection associated with the 
pull-back g of the metric g. 

Proposition 5.2 (Properties of the projected connection). 1. V is a connection operator, 
i.e., satisfies the linearity and Leibnitz properties 

XAX+A'X' y = AVxY + A'Vx'Y, 

Yx(y + Y') = YxY + YxY', Vx(A Y) = A VxY + X(A) Y, 

for all vector fields X, X', Y, Y' e 3;J(5f ) and all smooth functions A, A' : J{ ^ R. 

2. J/ V zs of class wll(M)for some k,p>l, then V is of class w'^~^''''''{J{). 

3. The torsion ofV satisfies 

T{X, Y) = rpCY), X, y e %lCK). (5.10) 

As a consequence, if the connection V has zero torsion, then the projected connection V 
also has zero torsion. 

Proof. Since VxY is the projection of VxY on T'K, in order to prove the second 
assertion of the theorem it suffices to prove the following property: if a vector field 
Z belongs to w'^I^J^q{M), then Z belongs to wJ^~^^^'''''Tg(Jf). However, this porperty 
follows immediately from Il5.7l l and the usual trace properties of Sobolev fimctions. 

Since the Lie bracket on J{ of two vector fields X, Y e i^lOi) coincides with the Lie 
bracket on M of the same vector fields, the vector field (VxY - V yX - [X, Y]) e TJf 
is the projection on TJi of the vector field (VxY - VyX - [X, Y]) e TM. This means 
that T(X, Y) = T(X, Y). In particular, this relation shows that if the connection V 
has zero torsion, then the projected connection V on TIK also has zero torsion. 

□ 

5.5. Second fundamental form. Let us now introduce the second fundamental 
form (also called the "shape tensor") of the hypersurf ace as the 2-covariant tensor 
field K defined by 

X(X,Y):=(Vx«,Y), X,YeZli:K). 

Since <Vx«, Y) = Vx««, Y)) - <«, VxY), we also have 

iC(X, Y) = -(«, VxY), X, Y e Z^'K). 

The tensor K is the pull-back of the 2-covariant tensor field Vn of M, where n e 
3:J(M) is any extension of the normal form n outside the hypersurf ace (such an 
extension always exists and the definition of K does not depend on the choice of 
the extension). 
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Lemma 5.3. 1. On the hypersurface "K, the connection V can he expressed in terms ofV 
and K, as follows : 

VxY = Vxy-K(X,Y)f, X,Ye%lCK). (5.11) 

2. J/V is of class w''jf^{M)for some k,p>l, then K is of class Wl'^'^'^i^K). 

3. The second fundamental form satisfies the relation 

KiX X) - K{X, Y) = (n, TiX, Y)>, X, Y e 3;J( 

In particular, if V has zero torsion, then the second fundamental form is a symmetric 
2-covariant tensor. 

Proof. The decomposition (15.31 1 of the tangent space TM shows that 

VxY = VxY+<«,VxY)^. 

Combining this relation with the definition of the second fxmdamental form gives 
the formula lIS.lll l. 

The regularity of K(X, Y), X, Y e follows from Proposition|521 

Since [X, Y] e 3;J(Jf) for all X, Y e 2;J(J{), we have 

K{Y, X) - K{X, Y) = (n, VxY - VyX) 

= {n, [X, Y] + T(X, Y)> = {n, T(X, Y)). 

□ 

Beside the second fundamental form, we also introduce the Christoffel symbols 
associated with V. Decomposing the vector fields VE^„)E^l,•) e TM and Ve^^,^ e TM 
on the basis {E(c), {], we set 

Ve(„)E(;,) = T'^i E(c) - Kab t, 

where the coefficients P^^, Kab, TJj, and Ma are functions defined on J{. In turn, these 
equations give the following decomposition of 1-form fields: 

" (5.13) 

VE,„,n = K„,E(^'-M„«. 

From the equation l|5.111 and the fact that the connection V has zero torsion, we 
immediately deduce that : 

Lemma 5.4. The projected connection V, the second fundamental form K, and the Lie 
bracket are related to the above coefficients via the following formulas: 

YE,„)E(f7) = r;jjE(<:)/ -K(E(a), E(i,)) = Kab, 

[£(«)/ E(b)] = (r^b -r^jEjc). 

5.6. Gauss and Codazzi equations. We now turn to the discussion of the prop- 
erties of the Riemann curvature tensors Riem and Riem, which are naturally 
associated with the connections V and V , respectively. We assume for simplicity 
that V has zero torsion. 

Before we can relate the curvature tensor Riem on M with the curvature tensor 
Riem on the hypersurface "K we first recall the definition of the Riemann tensor: 

Riem(X, Y)Z = VxVyZ - VyVxZ - V[x,y]Z, (5.14) 
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where [X, Y] is the Lie bracket. Choosing now X, Y, Z e 3;J(IK) and using of l l5.1Hl , 
we compute 

Vx VyZ = Vx ( V yZ - K{Y, Z)() = V X V yZ - K{X, VrZ)f- Vx(K( Y, Z) ^ 
= VxVyZ - K{Y,Z)Vx{ - (K{X,VyZ) + X{K{Y,Z))y, 

and 

V[x,y]Z = V[x,y]Z-_fC([X,Y],Z)f. 

We deduce that 

Riem(X, Y)Z 

= mem (X, Y)Z - K{Y, Z)Vxf + K{X, Z) Vy^ 
- (X(X, VyZ) - K(Y, VxZ) + X(X(Y,Z)) - Y{K{X,Z)) - K{[X, YIZ))L 

Since 

X(K(Y,Z)) - K(Y, VxZ) = (Vx-K)(Y,Z) + Ki^xXZ), 
Y{K{X,Z)) - K{X,VyZ) = (VyX)(X,Z) + X(VyX,Z), 
and since the torsion of the connection V vanishes, we finally obtain 

Riem(X, Y)Z =Riem (X, Y)Z - KiX Z)Vxi + K{X, Z)Vy{ 

, . (5.15) 

-((VxK)(Y,Z)-(VyK)(X,Z)y. 

Another useful relation is derived from | |5.14| | by taking X, Y e and Z = t, 

that is, 

Riem(X, Y)l 

= Yx (V7f) - Vy (vT^) - - {n, VxiW + {n, ^ytW (5.I6) 

+ (X((n, VyO) - Y«n, VxO) - <w, V[x,y]0 - -K(X, v70 + -K(Y, l^t^t. 

We are now in a position to contract the general identity I l5.15|l with an arbitrary 
1-form field Q among «, E^"', while the vectors fields X, Y, Z are chosen arbitrarily 
among E(„) . Likewise, the general identity I I5.16I I can be contracted with an arbitrary 
1-form field Q among n, E'"', while the vectors fields X, Y can be chosen arbitrarily 
among E(fl). As usual, the components of the Riemann curvature tensor Riem are 
defined by 

Riem (E(a), E(b))E{c) = 

The regularity assumption in the next theorem is such that the equalities | |5.15l l and 
I I5.I6I 1 have traces on the hypersurface 

Theorem 5.5. Assume that V ;s of class W^J^(M), with k > 2 and p > m/k. Then the 
Riemann curvature tensor Riem is of class W^^^"^'^(M), the connection V and the functions 
rjjj,, Kab, La, Ma are of class ]n'^^^^^^'^{'K), and together they satisfy the following relations: 

1. Choosing X = E(a), = £(!>)/ Z = E(c) and 6 = E^'^^ in \5.15\ one obtains the Gauss 
equations 

^>u^inA) = Ka, + - ^^^^i (5-17) 

2. Choosing X = E^a), Y = E(;,), Z = E(c) and 6 = nin | |5.15|I one obtains the Codazzi-1 
equations 

nsR^^^Ej^^E^jEj^j = VfcX„, - V^Kfc + KaMb - K^Ma- (5.18) 
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3. Choosing X = E(a), Y = E(b) and 6 = E'"^' in l|5.16|l one obtains the Codazzi-2 
equations 

EfKap^'E1^)E'l) - Y„L^ - V,Lf + LiMt - LfM,. (5.19) 

4. Choosing X = E^„),Y = Ei^b) and 6 = n in I l5.16|l one obtains the Codazzi-3 
equations 

nsK^^/^'E^^^Ef,^ = V„Mfc - V6M„ + KbcK - Kadi (5-20) 

Proof. The Gauss and Codazzi-1 equations follow directly from I l5.15|l and | |5.12|| . 
Now, in order to establish Codazzi-2 and Codazzi-3 equations, we write the equa- 
tion l l5.16ll with X - E(a) and Y = E(b), i-e., 

Riem(E(„),E(,,))^ 

= Ye,„,(L^E(,)) - Ye„(L^£(c)) - (r^, - nj - MaLiE(,) + MdiE(,) 
+ (E(„)(M,) - E(b)(M„) - (r^, - TI)Mc - KacLl + Kbdi) L 

Since 

YEwCi-fcEw) = E{a){Ll) E(c) + LlT'^ac E{d) = (Y£„)-Lb + ^Ib^i) E(d), 

E(a){Mb)^V„Mb+Tl,Mc, 
the previous equation becomes 

Riem(E(„), Ef,,,)^ = (v„L^ - Yblf + if M„ - L;|M„) E(d) 

+ (Y«Mb - YfcMa + KfeL^ - X„,L^)^. 

Then the Codazzi-2 and Codazzi-3 equations are obtained by contracting this 
equation with E'^''^ and n, respectively. □ 

6. Geometry on a hypersurface induced by a metric 

6.1. Rigging versus normal vector fields. From now on, we assume that the mani- 
fold M is endowed with a Lorentzian metric g. Then, g induces a unique connection 
V on M, called the Levi-Civita connection, such that 

Vg = 0, T = 0. 

Our aim is now to investigate the geometry induced by g and V on a general 
hypersurface M C M. 

We now specialize the results in Subsection IS .2l to Lorentzian manifolds, and dis- 
cuss the properties of the projection operators on TJC and T* J{ Recall the following 
terminology for vectors X e TvM: 

(< 0, timelike, 
= 0, null, 
> 0, spacelike. 

From the normal form n, one can determine the normal vector field as the unique 
vector field in TM satisfying 

g,(4,X) = («,,X), XeT.M, xeM. 
It is important to observe that supplementing the subspace Tj:IK c TjcM with the 
normal vector nf. does not always yield a canonical decomposition of the tangent 
space TxM, since in the Lorentzian setting the normal vector may well belong 
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to Tx'K (in that case the hypersurface is called null at x). Precisely, by jS.li , the 
normal vector mJ at x e J{ belongs to J{ if and only if «J is a null vector, that is 
g{nKn^) = 0. 

Therefore the prescription of a rigging vector field { (cf. Definition IS-Hl is 
necessary for general hypersurfaces. Specifically, 

(1) If J{ is a general hypersurface, then Ty^K, x e Jf, is supplemented with a 
rigging vector field ^ as in Section 

(2) If J-C is nowhere null, then one can choose the rigging vector field to be the 
normal vector field, that is i = nK Note that the regularity of depends 
on the metric, as follows: 

(3) and g"l^ have the same regularity: in particular, if gaji is uniformly 
non-degenerate and gap e L^^ n W'^'P(M), then g"^ and n'^ also belong to 

In Subsections l6.2ll6r4l we study the geometry of a general hypersurface %{{ + n") 
and in Subsection 16.51 we specialize the results to a nowhere null hypersurface 
{i = nf). 

6.2. Metrics on J{ induced by the metric g. To the metric tensor g (a 2-covariant 
tensor) and to its inverse (a 2-contravariant tensor), we associate their projections 

g:=g«fc g :=^«''£(«)®£(fc), 

whose components are given by 

„ ._ „ pa ~ab ._ „a/ip(fl)p(fc) 

gab ■- gaj} t(a)t(,,)/ g ■- g ' t-a ^-p ■ 

The metric g is simply the restriction of the original metric gap to the tangent 

space TxIK and, as such, is independent of t, while g is the restriction of to the 
cotangent space T*'K and depends on (. Note that the matrix 'g"^ is not the inverse 
of the matrix gab- 

Observe that the (possibly degenerate) 2-covariant tensor gaf, allows us to 
lower the indices of any vector field in TK, while the (possibly degenerate) 2- 
contravariant tensor g"^ allows us to raise the indices of any form in T*1K. In 
particular, to the projections of a vector e TvM and a form Ox £ r*M we can 
associate the following form and vector, respectively, 

X„:=gabX\ e'':=g"'eb. (6.1) 

Alternatively, to the vector X" and the form we can first associate the corre- 
sponding form Xa = gapX^ and vectors 6" = gap Op and, next, project them to 

obtain the form Xa and vector 6", respectively. 

We now investigate the properties of these projections. 

Theorem 6.1 (Projections of a Lorentzian metric and of vector fields). Given a rigging 
field €, the two projections gab and gat of a Lorentzian metric ^ : x e M — > e T^x^ 
satisfy the following properties: 

(1) gab is degenerate at x e5{ if and only ifn\ e Tv-M is a null vector. 

(2) is degenerate at x ^'K if and only iftx e T^-M is a null vector. 
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(3) In general, the projections of vectors do not commute with the operations of raising 
or lowering the indices, that is, for general vectors X" and 1-forms 6a, 

Xa + Xa, 0" + d". (6.2) 

(4) The projections of the fields € and n satisfy 

r = 0, n„ = 0, (6.3) 

« „ = -(n"n„)l«, nHa = 1 " i^'^ip)- (6-4) 

Proof. (1) By the definition of the normal vector e TxM, we have 

gM,X,) = 0, X,eT,:K. 

If the vector nf. e TxM is null at x e J{, then nj, e Jf (see Section|2ll and the relation 
above shows that gx is degenerate (mJ ?t by definition). 

Conversely, if g is degenerate at x e IK, then there exists a vector Yx e TxOi \ {0} 
such that 

g.Ay.,Xx) = 0, XxeTx'K. 

This implies that kerY^ = Tx'^i, where Y\ denotes the form associated with Yx- 
Since on the other hand the normal form satisfies kernt = Tx^i, there exists a 
constant C + such that Y\ = Cnx or, equivalently, such that Yx = Cn^. Hence 

e TxOi, which means that nx is a null vector (see Section|2]l. 
(2) By the definition of the dual space T*IK (see I l5.5b ), the 2-contravariant tensor 
g~^ defined by its components g"^^ satisfies 

g;i(4,0,) = (0.,4) = o, 0, er*jf. 

If the vector 4 e TxM is null atxeJi, then (^^, f;,) = and therefore e T* Jf by 
(|5.51 . Then the relation above shows that gx/ which is the restriction of gl to T* J{, 
is degenerate (^^. by the definition of the rigging vector). 

Conversely, if g is degenerate at x e 3i, then there exists a form (px £ T"* J{ \ {0} 
such that 

gA(p.,ex) = o, 0, er*K. 

This implies that the kernel of (pi : T*M IR is r*J{ (c/).v is defined over the 
whole space TxM by ||531l). But T* K is also the kernel of 4 : T*M U (see | |53|| ). 
Therefore, there exists a constant C such that (pi = C£x- This implies that 
^x G T*5{, which in turn yields that ^ is a null vector (see | |5.5|| ). 

It remains to prove l|6.4|l . Using the definitions above, we first have 



Ubn' = {gapEl/;j{E%"). 



But, Pj = Ef^j Ei*', since 



for all X e TM. Hence, 



n« = gapE'l^^P/n" = g.pE'^^^inP-fl'naK = -Ey^nan" = -{n"na)la 
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and the first equation in 1 16.41 is established. The second one is obtained by com- 
puting 

= {n"-rnpni'){ia-njnfi) 
= l-{n"na){€np). 

□ 

6.3. Connections on "K induced by the metric g. The natural connection on "K 
induced by the metric g is the Levi-Civita connection associated with the projected 
metric g (the pull-back of the metric g). However this is not possible in general 
because g is degenerate at the points where the hjrpersurface "K is null. This leads 
us to follow one of the following two strategies: 

(1) Either define the Levi-Civita connection V associated with the metric g 
defined on the cotangent bundle 7*%. 

(2) Or define the connection V by projecting the connection V (V is not the 
Levi-Civita connection associated with the metric g defined on the tangent 

bundle Tm, save for i = n^). 

We first define the connection V which requires the additional assumption that 

the rigging vector i is no-where null on J{. (6.5) 

Under this assumption. Theorem 16 . 1 1 shows that^"^ is a non-degenerate tensor on 
J{, and we can introduce its inverse 

Then, the connection V is defined as the unique Levi-Civita connection associated 
with the (non-degenerate) metric tensor ya\,. This connection induced by projecting 
the dual of the metric g will be referred to as the metric connection. 

Next, we define the connection V by the formula (|5.9b where V is the Levi- 
Cevita connection associated with the given metric g. In particular, V satisfies the 
properties stated in Proposition |5.2| 

The following Proposition gather the principal properties of the connections V 
and V: 

Proposition 6.2. 2. The operator V is a metric connection (by construction) and, in 
particular, has zero torsion. 

2. The operator V need not be a metric connection, that is, it need not be the Levi-Civita 
connection associated with a non-degenerate metric. In general, 

^0 

with the notable exception when { is chosen to be (for non-null hypersurfaces). Still, V 
has always zero torsion, that is, 

Vxy-VyX-[X,Y] = 0, X,YeZl{K). 

3. We have 

V = V+ F, 
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where F : 3;JJ{ x 3;JJ{ DTjJf is the {l,l)-tensor field defined by 

g-Hmriz) := \ ((Vxr')az) + (Vrr')(x,z) - (Vzr')(x,y)) 

for all X,Y,Z e J{. Note that the tensor field F depends on t and that F + 0, except in 
the case that £ = n" (for non-null hyper surf aces). 

Proof. We only need to prove the last assertion. Since the connection V satisfies 
the Koszul formula (y := g~^) 

2 yiVxX Z) ^XiyiX Z)) + Y(y(X, Z)) - Z(y(X, Y)) 

- y{X, [X Z]) - yiX [X, Z]) + y{Z, [X, Y]), 
and the connection V satisfies 

(Vxy)(y,Z) = X(y(y,Z) - yiVxXZ) - yiXlxZ), 

we deduce that 

2 yiVxX Z) HYxy){X Z) + (Vyy)(X, Z) - (Vzy)(X, Y) + 2 y(VxY, Z) 

- y(Vxy - VyX - [X, Y], Z) + y(VxZ - VzX - [X,Z], Y) 
+ y(VyZ-VzY-[Y,Z],X). 
But the connection V has zero torsion and thus the above formula reduces to 

2 y(V X Y, Z) = 2y(F(X, Y), Z) + 2 y{VxX Z), 

where F is the tensor defined in the statement of the Proposition. The proof is 
completed. □ 

6.4. Gauss and Codazzi equations. The Riemann curvature tensors defined on 
the hjrpersurface Oi by the connections V and V are related to one another via the 

tensor F and its covariant derivative VF, since V = V + F. Moreover, we have seen 
in Subsection 15.61 that the Riemann curvature tensor associated with V and the 
Riemann curvature tensor associated with V are related by the Gauss and Codazzi 
equations given by Proposition l5.5l (the assumptions of this Proposition are clearly 
satisfied). 

We now take advantage of the fact that V is a metric connection (i.e., V is the Levi- 
Civita connection associated with the metric g) and establish further properties of 
the geometry of 'K. It is well known that the 4-covariant Riemann tensor defined 
by 

Riem( W, Z, X, Y) := g(W, Riem(X, Y)Z) 
satisfies the symmetries 

Riem( W, Z, X, Y) = Riem(X, X H Z) 

= -Riem( W, Z, Y, X) = -Riem(Z, W, X, Y), ^^'^^ 

as well as the Bianchi identities 

Riem(W, Z, X, Y) + Riem( W, X, Y, Z) + Riem( W, Y, Z, X) = 0, 
VxRiem(W, U, Y, Z) + VYRiem( W, U, Z, X) + VzRiem( W, U, X, Y) = 0, ^^''^^ 

for all X, X Z, U, W e 3;J(M). This implies that the left-hand sides of the Gauss 
and Codazzi equations satisfies the above symmetry relations. Consequently, 
their right-hand sides must also satisfy these symmetry relations. In view of the 
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relations l|5.17b - l|5.20b , this yields the compatibility relations that Rf^j^^, Kah, L|j and 
Ma must satisfy 

6.5. The case of nowhere null hypersurfaces. If the hypersurface "K is no-where 
null, i.e., the normal vector n\ is not null at any point of x e !K, then we can choose 
the particular rigging vector 

{ = J. 

With this choice, the following properties hold: 

(1) The projection operators do commute with the operations of raising or 
lowering the indices, that is, for general vectors X" and 1-forms da, 

x« = Xa, d" = er 

(2) The two connections defined in Section lOl coincide. 

V = V, 

and are nothing but the Levi-Civita connection associated with the metric 

gab- 

(3) The coefficients appearing in the equations (|5.12l l satisfy 

K = Kbg"', Ma = 0. 

This is consequence of the relations 

= VE„„te(E(i,),n»)) = g(V£„E(6),n«) + g(E(6), VE,,n«) 
= --Kflb + gbcK 

and 

= VE„(^(n«,n«)) = 2^(VE,„,««,n«) = 2M„, 

themselves following from the fact that the connection on M satisfies Vg = 
combined with the orthogonality between the normal vector n" and the 
vectors fields E(c) e TJC (i.e., g{n'^, E(c)) = 0). 

(4) The Gauss and Codazzi equations l|5.17t -l l5.20b reduce to the usual Gauss 
and Codazzi equations associated with a hypersurface. Indeed, using 
( = one can see that the Codazzi-2 equations are equivalent to the 
Codazzi-1 equations and that the Codazzi-3 equations vanish identically. 
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